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Abstract
We study strong solutions of the isentropic compressible Navier–Stokes equations in a
domain OCR3: We ﬁrst prove the local existence of unique strong solutions provided that the
initial data r0 and u0 satisfy a natural compatibility condition. The important point in this
paper is that we allow the initial vacuum: the initial density may vanish in an open subset of O:
We then prove a new uniqueness result and stability result. Our results are valid for
unbounded domains as well as bounded ones.
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1. Introduction
In this paper we study strong solutions of the Navier–Stokes equations for an
isentropic compressible viscous ﬂuid in a domain OCR3:
ðruÞt þ divðru#uÞ  mDu  ðlþ mÞr div u þrp ¼ rf ; ð1Þ
rt þ divðruÞ ¼ 0; p ¼ arg ða40; g41Þ ð2Þ
Corresponding author. Fax: 82-2-392-6634.
E-mail addresses: choe@yonsei.ac.kr (Hi Jun Choe), khs319@postech.ac.kr (Hyunseok Kim).
1Hi Jun Choe was supported by KRF and KOSEF. Hyunseok Kim was supported by
Com2Mac-KOSEF:
0022-0396/03/$ - see front matter r 2003 Elsevier Science (USA). All rights reserved.
doi:10.1016/S0022-0396(03)00015-9
in O ð0; TÞ; where r; u denote the unknown density, velocity and p is the pressure.
The motion of the ﬂuid is driven by the external force f and the viscosity constants
m; l satisfy the physical requirements m40; 2mþ 3lX0: For the simplicity of
presentation, we consider only two kinds of domains: the domain O is either the
whole space R3 or a bounded open subset with smooth boundary. To complete
Eqs. (1) and (2), we impose the following initial and boundary conditions:
rjt¼0 ¼ r0X0 and rujt¼0 ¼ r0u0 in O ð3Þ
and
u ¼ 0 on @O ð0; TÞ if OCCR3;
uðx; tÞ-uN as jxj-N if O ¼ R3:
(
ð4Þ
The initial velocity should satisfy boundary condition (4) in some sense and we may
assume, without loss of generality, that uN ¼ 0 thanks to the galilean invariance of
ﬂuid mechanics.
We emphasize that the initial density may vanish in an open subset of O; i.e., an
initial vacuum may exist. In the case that the initial density r0 has a positive lower
bound, the density turns out to be positive at least locally in time and thus the
classical methods in [21,25,26] can be applied to prove the unique solvability of
various boundary value problems for (1), (2) provided that the initial data are
sufﬁciently regular. In particular, Valli [26] proved that if O is a smooth bounded
domain in R3; and if the data r0; u0 and f satisfy
inf
O
r040; r0AH
2ðOÞ; u0AH10 ðOÞ-H2ðOÞ; f ; ftAL2ð0; T ; L2ðOÞÞ;
then there exist a small time TAð0; TÞ and a unique strong solution ðr; uÞ to the
initial boundary value problem (1)–(4) such that
rACð½0; T; H2ðOÞÞ; uACð½0; T; H2ðOÞÞ-L2ð0; T; H3ðOÞÞ;
rtACð½0; T; H1ðOÞÞ and utACð½0; T; L2ðOÞÞ-L2ð0; T; H10 ðOÞÞ:
By strong solutions, we mean weak solutions satisfying Eqs. (1) and (2) almost
everywhere in ð0; TÞ  O:
However, for the general case allowing initial vacuums, there was no existence
result for strong solutions. This is somewhat surprising because in the context of the
compressible Euler equations, there have been many works concerning the existence
of strong solutions with compactly supported initial data. For these results, see
[16,17,19,20]. They have proved local existence results under the assumption that
rðg1Þ=20 AC
1
c ðR3Þ or rg10 AC1c ðR3Þ:
On the other hand, since the pioneering works of Lions [11,12,14], several
existence results of global weak solutions have been established. See [3–6,15], for
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instance. We know from these results that if g432; and if the data satisfy
r0; p0 ¼ arg0; r0ju0j2AL1 and fAL1ð0; T ; L
2g
g1Þ; ð5Þ
then there exists a global weak solution ðr; uÞ to the initial or initial boundary value
problem (1)–(4) satisfying the regularity
r; p; rjuj2ALNð0; T ; L1Þ and ruAL2ð0; T ; L2Þ: ð6Þ
Here we used the simpliﬁed notations L1 ¼ L1ðOÞ; etc. Similar notations will be
adopted to the usual Sobolev spaces and integrals over O:
The regularity of weak solutions was improved by Desjardins [2] for periodic
boundary value problems. Assuming that g43 and the data satisfy the additional
regularity
r0AL
NðT3Þ; u0AH1ðT3Þ and fAL2ð0; T ; L6ðT3ÞÞ; ð7Þ
he proved that there exist a time TAð0; TÞ and a weak solution ðr; uÞ to the periodic
boundary value problem (1)–(3) such that
rALNð0; T; LNðT3ÞÞ; ruALNð0; T; L2ðT3ÞÞ;
and
ﬃﬃﬃ
r
p
ut;ro;rGAL2ð0; T; L2ðT3ÞÞ: ð8Þ
Here T3 is the three-dimensional torus, o ¼ r u is the vorticity and G ¼
ðlþ 2mÞ div u  p is the so-called effective viscous flux. The proof of this result is
based heavily on the regularizing properties of o and G; which was also recognized
by Hoff [8] and Lions [14] to prove global weak solutions. Since this property also
plays a crucial role in investigating the possible maximal regularity of solutions, we
give a brief discussion about it.
The key observation is that there holds the following identity:
mr oþrG ¼ mDu þ ðlþ mÞr div u rp; ð9Þ
since r ðr  uÞ ¼ Du r div u: From Eqs. (1) and (2), it thus follows that the
pair ðo; GÞ is a solution of the following system:
mr oþrG ¼ F and divo ¼ 0 in O; ð10Þ
where F ¼ rut þ ru  ru  rf : As has been well-known, this is an elliptic system of
which solutions have nice regularizing properties. For instance, we have the
following classical regularity results for all qAð1;NÞ:
jrojLq þ jrGjLqpCjF jLq and jr2ojLq þ jr2GjLqpCjrF jLq ; ð11Þ
provided that O ¼ R3: If O is a smooth bounded domain, then we have only local
results because there is no boundary condition on o or G:
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As another consequence of (9), we can show that the regularity (8) of weak
solutions cannot be improved further without more regularity assumption on the
initial density than (7). For instance, the regularity r2uAL2ð0; T; L2Þ would imply
that rpAL2ð0; T; L2Þ; which implies by virtue of the hyperbolic character of the
continuity equation (2) that rp0AL2:
In this paper, we assume that the data satisfy the following regularity:
r0AH
1-W 1;6; u0AD1;20 -D2;2 and fAH1ðð0; TÞ  OÞ ð12Þ
in addition to (5). Here D1;20 and D
2;2 denote the usual homogeneous Sobolev spaces.
Recall that D1;20 ðR3Þ ¼ fvAL6ðR3Þ: rvAL2ðR3Þg and if OCCR3; then D1;20 ðOÞ ¼
H10 ðOÞ and D2;2ðOÞ ¼ H2ðOÞ: For a proof, see Galdi [7].
But to expect the strong regularity as well as the uniqueness of solutions, it turns
out that we should impose some compatibility condition on the initial data. That is,
we should assume that r0; u0 satisfy
mDu0  ðlþ mÞr div u0 þrp0 ¼ r
1
2
0 g for some gAL
2: ð13Þ
Then we can state our main result in this paper.
Theorem 1. Assume that the regularity conditions (15), (12) and the compatibility
condition (13) are satisfied. Then there exist a small time TAð0; TÞ and a unique
strong solution ðr; uÞ to the initial or initial boundary value problem (1)–(4)
such that
rALNð0; T; L1-H1-W 1;6Þ; rtALNð0; T; L2-L6Þ;
uALNð0; T; D1;20 -D2;2Þ; r2uAL2ð0; T; L6Þ;ﬃﬃﬃ
r
p
utALNð0; T; L2Þ and utAL2ð0; T; D1;20 Þ:
By virtue of the regularity result (11) and identity (9), we can easily show that o
and G satisfy the regularity
r2o;r2GAL2ð0; T; L2ðR3ÞÞ if O ¼ R3
and
r2o;r2GAL2ð0; T; L2locðOÞÞ otherwise;
while the improved regularity r3uAL2ð0; T; L2locÞ cannot be expected. Furthermore
the elementary embedding results imply the boundedness and the time-continuity of
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the strong solution:
ðr; uÞALNð0; T; LN  LNÞ-Cð½0; T; L2  D1;20 Þ:
It should be remarked that the vorticity and effective viscous ﬂux have higher
regularity than the density or velocity: for instance, if O ¼ R3; then we have
ðo; GÞACð½0; T; H1ðR3Þ  H1ðR3ÞÞ:
To prove the existence of strong solutions, it is a crucial thing to derive a priori
estimates for smooth solutions ðr; uÞ in some higher norms. In the context of the
nonhomogeneous incompressible Navier–Stokes equations, the authors [1] succeeded
in deriving such estimates by using the local boundedness of jruðtÞjL2 : But the
compressible case is more difﬁcult. Since the density may blow up in ﬁnite time, we
have to consider the point-wise bound for the density too. In the next section, we will
show that the quantity
jruðtÞj2L2 þ j
ﬃﬃﬃ
r
p
utðtÞj2L2 þ jpðtÞjH1-W 1;6
remains ﬁnite for a small time interval ð0; TÞ and then derive the desired a priori
estimates.
The proof of Theorem 1 except the uniqueness assertion will be given in the third
section and the last one is devoted to proving the uniqueness. In fact, we will prove
the following more general uniqueness theorem which is inspired by weak–strong
uniqueness results of the authors [1] and Desjardins [2].
Theorem 2. Let ðr; uÞ and ð %r; %uÞ be weak solutions to the initial (or initial boundary)
value problem (1)–(4) with the same initial conditions. If fAL2ð0; T ; L6Þ; and if ðr; uÞ
and ð %r; %uÞ satisfy the regularity
r; %rALNð0; T ; LNÞ; r %rAL2ð0; T ; L2-L3Þ;
%utAL2ð0; T ; L6Þ; %uALNð0; T ; L6Þ and r %uAL2ð0; T ; LNÞ
in addition to (6), then r ¼ %r and u ¼ %u:
We remark that Desjardins [2] and Valli [26] proved uniqueness results on strong
solutions under the assumption that %utAL2ð0; T ; L3Þ; which is not satisﬁed by
solutions to the Cauchy problem for (1), (2).
Furthermore, since the local existence time T and all the estimates for the
regularity of strong solutions in Theorem 1 depend only on T ; jgjL2 and the norms of
the data ðr0; u0; f Þ; the proof of Theorem 2 also shows that the continuous
dependence of the solution on the data holds at least for a small time interval. We
may state the following result without a proof.
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Theorem 3. For each i ¼ 1; 2; let ðri; uiÞ be the local strong solution to the initial
boundary value problem (1)–(4) with the data ðr0i; u0i; fiÞ; which satisfies regularity
conditions (5), (12) and compatibility condition (13) with g ¼ gi: Assume also that for
each i ¼ 1; 2;
jr0ijL1-H1-W 1;6 þ jru0ijH1 þ jfijH1ðð0;TÞOÞÞ þ jgijL2pK :
Then there exist a small time T and a positive constant C; depending only on T and K ;
such that
ess sup
0ptpT
ðj ﬃﬃﬃﬃﬃr1p ðu1  u2Þj2L2 þ jr1  r2j2
L
3
2
þ jp1  p2j2L2Þ þ
Z T
0
jrðu1  u2Þj2L2dt
pC j ﬃﬃﬃﬃﬃﬃr01p ðu01  u02Þj2L2 þ jr01  r02j2
L
3
2
þ jp01  p02j2L2 þ
Z T
0
jf1  f2j2L2dt
 
;
where pi ¼ argi and p0i ¼ arg0i for each i ¼ 1; 2:
However it should be noticed that contrary to the case of strong solutions, weak
solutions with vacuum need not depend continuously on their initial data. Hoff and
Serre [9] presented an example which shows the failure of continuous dependence of
weak solutions.
Many interesting problems and results concerning vacuum of a ﬂuid have been
considered during the last decade. The results of Xin [27] show that there is no global
smooth solution ðr; uÞ to Cauchy problem (1)–(3) with a nontrivial compactly
supported initial density. Hoff and Smoller [10] proved recently that in one
dimension, there can be no vacuum for any time unless an initial vacuum is present.
The analogue of two or three dimensions is a very interesting open question. The
evolution of the interface separating nonvacuum regions from vacuum gives rise to
an important free boundary problem which has been extensively studied, particularly
in one dimension. For details, please refer to [9,18,22,23,28]. Related to our results,
particular attention should be paid to those of Luo et al. [18]. They proved the global
existence of unique weak and smooth solutions to the free boundary problem
provided that the initial data satisfy the conditions rk0AH
1
0 ða; bÞ for some 0okpg
1
2
and r10 ð@xxu0Þ2AL1ða; bÞ: Note that these conditions are very similar to our
compatibility condition (13).
Remark 1. For bounded domains in R2; we can prove the same results as above.
2. A priori estimates for higher regularity
In this section, we will derive a priori estimates for smooth solutions ðr; uÞ in
higher norms. As was indicated in the previous section, our derivation will be based
on the local boundedness of the function
FðtÞ ¼ 1þ jruðtÞj2L2 þ j
ﬃﬃﬃ
r
p
utðtÞj2L2 þ jpðtÞjH1-W 1;6 : ð14Þ
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Observe that jrðtÞjLN þ jpðtÞjLNpCFðtÞ by virtue of the usual Sobolev inequality.
Throughout the section, we denote by C a generic positive constant depending only
on T and norms of the data, but independent of the size of the domain O: Since we
consider only local questions, we may assume that 0oToN:
We begin with elementary considerations. By virtue of the continuity equation (2),
we deduce the conservation of mass
Z
rðtÞ dx ¼
Z
r0 dx ðtX0Þ: ð15Þ
Multiplying the momentum equation (1) by u; integrating (by parts) over O; and then
using the continuity equation (2), we obtain
d
dt
Z
1
2
rjuj2 þ 1
g 1 r
g dx þ
Z
mjruj2 þ ðlþ mÞðdiv uÞ2 dx ¼
Z
rf  u dx:
Then by virtue of Ho¨lder inequality,
Z
rf  u dxpjf j
L
2g
g1
jrj
1
2
Lg j
ﬃﬃﬃ
r
p
ujL2pCjf j
L
2g
g1
ð1þ jrjgLg þ j
ﬃﬃﬃ
r
p
uj2L2Þ:
Hence we can apply Gronwall’s inequality to prove the energy inequality
sup
0ptpT
Z
ðrjuj2 þ pÞ dx þ
Z T
0
Z
jruj2 dx dtpC: ð16Þ
As a simple consequence of (15) and (16), we have
jrðtÞjLq þ jpðtÞjLqpCFðtÞ for all 1pqpN: ð17Þ
2.1. Estimate for jrujL2
We are going to estimate the ﬁrst term of FðtÞ: Multiplying the momentum
equation (1) by ut; integrating over O and then using Young’s inequality, we can
obtain
1
2
Z
rjutj2 dx þ d
dt
Z
m
2
jruj2 þ lþ m
2
ðdiv uÞ2 dx
p
Z
rjf j2 þ rjuj2jruj2 dx þ
Z
p div ut dx: ð18Þ
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Using the continuity equation, we can writeZ
p div ut dx ¼ d
dt
Z
p div u dx þ
Z
ðdivðpuÞ þ ðg 1Þp div uÞ div u dx
¼ d
dt
Z
p div u dx 
Z
pu  r div u dx þ ðg 1Þ
Z
pðdiv uÞ2 dx:
Substituting this identity into (18), integrating over ð0; tÞ and using (17) together with
Young’s inequality, we deduce
Z t
0
Z
rjutj2 dx ds þ
Z
jruðtÞj2 dx
pC þ C
Z
pðtÞ2 dx þ C
Z t
0
FðsÞ ds
þ C
Z t
0
Z
rjuj2jruj2 þ pjujjr div uj þ pðdiv uÞ2 dx ds: ð19Þ
In view of the continuity equation, we deduce from (16) and (17) that
Z
p2ðtÞ dx ¼
Z
p20 dx þ
Z t
0
@
@s
Z
p2 dx
 
dspC þ C
Z t
0
FðsÞ4 ds: ð20Þ
To estimate the remaining terms, we observe ﬁrst that since u is a solution of the
elliptic system
mDu þ ðlþ mÞr div u ¼ rut þ rðu  ruÞ  rf þrp in O ð21Þ
satisfying boundary condition (4), it follows from the classical regularity results on
(21) that
jr2ujL2pCðjrutjL2 þ jru  rujL2 þ jrf jL2 þ jrpjL2Þ
pCðjrj
1
2
LN j
ﬃﬃﬃ
r
p
utjL2 þ jrjLN jujL6 jrujL3 þ jrjLN jf jL2 þ jrpjL2Þ:
Using Sobolev and Ho¨lder inequalities, we obtain
jr2ujL2pCðj
ﬃﬃﬃ
r
p
utj2L2 þ jrjLN þ jrpjL2Þ þ CjrjLN jruj
3
2
L2
jruj
1
2
H1
and thus Young’s inequality yields
jruðtÞjH1 ¼ ðjruðtÞj2L2 þ jr2uðtÞj2L2Þ
1
2pCFðtÞ72 ðtX0Þ: ð22Þ
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Therefore using Sobolev inequality again, we can estimate the remaining integrals on
the right-hand side of (19) as follows:Z t
0
Z
rjuj2jruj2 þ pjujjr div uj þ pðdiv uÞ2 ds
p
Z t
0
jrjLN juj2L6 jruj2L3 þ jpjL3 jujL6 jr div ujL2 þ jpjL3 j div ujL2 j div ujL6 ds
pC
Z t
0
jrjLN jruj3L2 jrujH1 þ jpjL3jrujL2 jrujH1 dspC
Z t
0
FðsÞ6 ds:
Substituting this estimate and (20) into (29), we conclude that
jruðtÞj2L2pC þ C
Z t
0
FðsÞ6 ds: ð23Þ
2.2. Estimate for j ﬃﬃﬃrp utjL2
We turn to the second term of FðtÞ: To begin with, rewrite the momentum
equation (1) in a nonconservative form as
rut þ ru  ru  mDu  ðlþ mÞr div u þrp ¼ rf : ð24Þ
Differentiation with respect to time yields
rutt þ ru  rut  mDut  ðlþ mÞr div ut þrpt
¼ ðrf Þt  rtðut þ u  ruÞ  rut  ru
and the continuity equation then implies
1
2
rjutj2
 
t
þdiv 1
2
rujutj2
 
 mDut  ut  ðlþ mÞr div ut  ut þrpt  ut
¼ div ðruÞðut þ u  ru  f Þ  ut  rðut  ruÞ  ut þ rft  ut:
Hence integrating over O; we obtain
d
dt
Z
1
2
rjutj2 dx þ
Z
mjrutj2 þ ðlþ mÞðdiv utÞ2 dx 
Z
pt div ut dx
¼ 
Z
ru  rððut þ u  ru  f Þ  utÞ þ rðut  ruÞ  ut  rft  ut dx: ð25Þ
Using the continuity equation again, we can rewrite the last integral on the left-hand
side as

Z
pt div ut dx ¼
Z
ðrp  u þ gp div uÞ div ut dx
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¼
Z
rp  ðu div utÞ dx þ d
dt
Z
g
2
p ðdiv uÞ2 dx  g
2
Z
pt ðdiv uÞ2 dx
¼ d
dt
Z
g
2
p ðdiv uÞ2 dx þ
Z
rp  ðu div utÞ dx
þ g
2
Z
pu  rðdiv uÞ2 þ ðg 1Þp ðdiv uÞ3 dx:
Substituting this identity into (25), we deduce that
d
dt
Z
1
2
rjutj2 þ g
2
p ðdiv uÞ2 dx þ m
Z
jrutj2 dx
p
Z
2rjujjutjjrutj þ rjujjutjjruj2 þ rjuj2jutjjr2uj þ rjuj2jrujjrutj
þ rjutj2jruj þ jrpjjujjrutj þ g pjujjrujjr2uj þ g2 pjruj3
þ rjujjutjjrf j þ rjujjf jjrutj þ rjutjjftj dx 
X11
j¼1
Ij: ð26Þ
Now we estimate each term Ij: In the following calculations, we will make extensive
use of Sobolev inequality, Ho¨lder inequality and estimate (22).
I1p 2jrj
1
2
LN jujL6 j
ﬃﬃﬃ
r
p
utjL3 jrutjL2p2jrj
1
2
LN jujL6 j
ﬃﬃﬃ
r
p
utj
1
2
L2
j ﬃﬃﬃrp utj12L6 jrutjL2
pCjrj
3
4
LN jrujL2 j
ﬃﬃﬃ
r
p
utj
1
2
L2
jrutj
3
2
L2
pCF6 þ m
16
jrutj2L2 ;
I2p jrjLN jujL6 jutjL6 jruj2L3pCjrjLN jrujL2 jrutjL2 jrujL2 jrujH1
pCF11 þ m
16
jrutj2L2 ;
I3p jrjLN juj2L6 jutjL6 jr2ujL2pCjrjLN jruj2L2 jrutjL2 jrujH1
pCF11 þ m
16
jrutj2L2 ;
I4p jrjLN juj2L6 jrujL6 jrutjL2pCjrjLN jruj2L2 jrujH1 jrutjL2
pCF11 þ m
16
jrutj2L2 ;
I5p jrj
1
2
LN jutjL6 j
ﬃﬃﬃ
r
p
utjL3 jrujL2pjrj
1
2
LN jutjL6 j
ﬃﬃﬃ
r
p
utj
1
2
L2
j ﬃﬃﬃrp utj12L6 jrujL2
pCjrj
3
4
LN jrujL2 j
ﬃﬃﬃ
r
p
utj
1
2
L2
jrutj
3
2
L2
pCF6 þ m
16
jrutj2L2 ;
I6pjrpjL3 jujL6 jrutjL2pCF3 þ
m
16
jrutj2L2 ;
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I7pgjpjLN jujL6 jrujL3 jr2ujL2pCjpjLN jruj
3
2
L2
jruj
3
2
H1
pCF7;
I8pg2jpjLN jruj3L3pCjpjLN jruj
3
2
L2
jruj
3
2
H1
pCF7;
I9p jrj
1
2
LN jujL6 j
ﬃﬃﬃ
r
p
utjL3 jrf jL2pjrj
1
2
LN jujL6 j
ﬃﬃﬃ
r
p
utj
1
2
L2
j ﬃﬃﬃrp utj12L6 jrf jL2
pCjrj
3
4
LN jrujL2 j
ﬃﬃﬃ
r
p
utj
1
2
L2
jrutj
1
2
L2
jrf jL2
pCF6 þ Cjrf j2L2 þ
m
16
jrutj2L2 ;
I10p jrjLN jujL6 jf jL3 jrutjL2pCjrjLN jrujL2 jf j
1
2
L2
jf j
1
2
H1
jrutjL2
pCF6 þ Cjf j2H1 þ
m
16
jrutj2L2
and ﬁnally
I11pjrj
1
2
LN j
ﬃﬃﬃ
r
p
utjL2 jftjL2pCF2 þ Cjftj2L2 :
Substituting all the estimates into (26), we obtain
d
dt
Z
rjutj2 þ gp ðdiv uÞ2 dx þ m
Z
jrutj2 dxpCF11 þ Cðjf j2H1 þ jftj2L2Þ:
Hence integrating over ðt; tÞCCð0; TÞ; we also obtainZ
rjutj2ðtÞ dx þ m
Z t
t
Z
jrutj2 dx ds
pC þ
Z
rjutj2ðtÞ þ gpðdiv uÞ2ðtÞ dx þ C
Z t
t
FðsÞ11 ds: ð27Þ
On the other hand, multiplying the momentum equation (24) by ut; we can easily
deduce thatZ
rjutj2 dxp2
Z
rjuj2jruj2 þ rjf j2 þ r1jmDu þ ðlþ mÞr div u rpj2 dx:
Therefore, letting t-þ 0 in inequality (27), we conclude that
j ﬃﬃﬃrp utðtÞj2L2 þ
Z t
0
jrutðsÞj2L2 dspC þ CCðr0; u0Þ þ C
Z t
0
FðsÞ11 ds; ð28Þ
where
Cðr0; u0Þ ¼
Z
r10 jmDu0 þ ðlþ mÞr div u0 rðarg0Þj2 dx ¼ jgj2L2
is ﬁnite because of compatibility condition (13).
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2.3. Estimate for jpjH1-W 1;6
To estimate the last term of F; recall from the continuity equation that
pt þrp  u þ gp div u ¼ 0:
Differentiation with respect to xj yields
ðpxj Þt þrpxj  u þrp  uxj þ gpxj div u þ gp div uxj ¼ 0:
Then multiplying this equation by pxj jpxj j4; integrating over O and summing over j;
we deduce that
d
dt
jrpj6L6 dxpC
Z
jrujjrpj6 þ pjr div ujjrpj5 dx
pCðjrujLN jrpj6L6 þ jpjLN jr div ujL6 jrpj5L6Þ;
which implies in turn that
d
dt
jrpjL6pCðjrujLN jrpjL6 þ jpjLN jr2ujL6Þ:
Applying the same method to jpjL2 and jrpjL2 ; and then using Sobolev inequality, we
can easily show that
d
dt
ðjpjH1 þ jrpjL6ÞpCðjrujH1 þ jr2ujL6ÞðjpjH1 þ jrpjL6Þ:
Hence Gronwall’s inequality provides
jpðtÞjH1-W 1;6pC exp C
Z t
0
jrujH1 þ jr2ujL6 ds
 
: ð29Þ
The term jrujH1 was estimated in (22) by using the regularity results on the elliptic
system (21) and Sobolev inequalities. We can estimate jr2ujL6 in a similar manner as
follows:Z t
0
jr2ujL6 dspC
Z t
0
jrutjL6 þ jru  rujL6 þ jrf jL6 þ jrpjL6 ds
pC
Z t
0
jrjLN jrutjL2 þ jrjLNðjrujL2 þ jrujL6ÞjrujL6 ds
þ
Z t
0
jrjLN jf jH1 þ jrpjL6 ds
pC þ C
Z t
0
FðsÞ8 þ jrutðsÞj2L2 ds:
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Using this estimate together with (22) and (28), we deduce from (29) that
jpðtÞjH1-W 1;6pC exp CCðr0; u0Þ þ C
Z t
0
FðsÞ11 ds
 
: ð30Þ
2.4. Completion of a priori estimates
Combining all estimates (22), (23), (28) and (30), we conclude that
FðtÞ þ jruðtÞjH1 þ
Z t
0
jrutðsÞj2L2 dspC˜ exp C˜
Z t
0
FðsÞ11 ds
 
ð31Þ
for some constant C˜ which may depend on Cðr0; u0Þ ¼ jgj2L2 : In view of this
inequality, we can easily ﬁnd a small time T40 and a constant C˜40; depending
only on a; g; l; m; T ; jgjL2 and the norms of the data ðr0; u0; f Þ; such that
sup
0ptpT
ðjrujH1 þ j
ﬃﬃﬃ
r
p
utjL2 þ jpjH1-W 1;6Þ þ
Z T
0
jrutj2L2 dtpC˜: ð32Þ
Using this estimate, we can also deduce from Sobolev inequality and the regularity
result on the elliptic system (21) that
sup
0ptpT
juðtÞjL6 þ
Z T
0
juðtÞj2W 2;6 þ jutðtÞj2L6 dtpC˜: ð33Þ
3. Proof of Theorem 1
Since a priori estimates for higher regularity have been derived, the existence of
strong solutions can be established by a standard argument: in the case of bounded
domains, we construct approximate solutions via a semi-discrete Galerkin scheme,
derive uniform bounds and thus obtain solutions by passing to the limit. Then the
existence for the whole space follows in a straightforward way from the a priori
estimates by the classical domain expansion technique. See [1,14]. Leaving the latter
case to the readers, we will focus our attention only on the bounded domains.
To implement a semi-discrete Galerkin scheme, we take our basic function space
as X ¼ H10 ðOÞ-H2ðOÞ and its ﬁnite-dimensional subspaces as
X m ¼ spanff1;y;fmgCX-C2ð %OÞ ðm ¼ 1; 2;yÞ;
where the function fm is the mth eigenfunction of the strongly elliptic operator
A ¼ mD ðlþ mÞr div deﬁned in X :
Let r0; u0 and f be the data satisfying the hypotheses of Theorem 1. Assume for
the moment that r0AC
1ð %OÞ and dpr0 in O for some constant d40: Then using
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standard arguments (see [5,24]) based on ﬁxed point theorems, we can construct
approximate solutions umAC1ð½0; TÞ; X mÞ; rmAC1ð½0; TÞ; C1ð %OÞÞ such that for all
vAX m; Z
ðrmumt þ rmum  rum þ Aum þrpmÞ  v dx ¼
Z
rmf  v dx; ð34Þ
rmt þ div ðrmumÞ ¼ 0; pm ¼ aðrmÞg; ð35Þ
umð0Þ ¼ um0 
Xm
k¼1
ðu0;fkÞL2fk and rmð0Þ ¼ r0: ð36Þ
Furthermore since rm is positive, that is, for all ðt; xÞA½0; TÞ  %O
rmðt; xÞXðinfr0Þ exp 
Z t
0
j div umjLN ds
 
40;
we can also show that umttAL
2
locð0; T ; X mÞ:
We will show that these approximate solutions satisfy the following estimates
analogous to (31):
FmðtÞ þ jrumðtÞjH1 þ
Z t
0
jrumt ðsÞj2L2 ds
pC exp CCðr0; um0 Þ þ C
Z t
0
FmðsÞ11 ds
 
; ð37Þ
where
FmðtÞ ¼ 1þ jrumðtÞj2L2 þ j
ﬃﬃﬃﬃﬃﬃ
rm
p
umt ðtÞj2L2 þ jpmðtÞjH1-W 1;6 :
In this section, we will denote by C a generic constant depending only on norms
given by the regularity conditions (5) and (12) of the data, but independent of the
parameters d; m and the size of the domain O: To derive (37), we will use the same
arguments as developed in the previous section.
First of all, if we take v ¼ umðtÞ in (34), integrate over ð0; tÞ and apply Gronwall’s
inequality, then we can derive the analogue of (16)
Z
rmjumj2ðtÞ þ pmðtÞ dx þ
Z t
0
Z
jrumj2 dx dspC: ð38Þ
This implies immediately the analogue of (17)
jrmðtÞjLq þ jpmðtÞjLqpCFmðtÞ for all 1pqpN: ð39Þ
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Taking v ¼ umt ðtÞ and v ¼ AumðtÞ; respectively, in (34), we also obtain
1
2
Z
rmjumt j2 dx þ
d
dt
Z
m
2
jrumj2 þ lþ m
2
ðdiv umÞ2 dx
p
Z
rmjf j2 þ rmjumj2jrumj2 dx þ
Z
pm div umt dx
and
jAumjL2pC ðjrmumt jL2 þ jrmum  rumjL2 þ jrmf jL2 þ jrpmjL2Þ:
Using these estimates and applying the elliptic regularity result jr2umjL2pCjAumjL2 ;
we can derive the analogues of (22) and (23)
jrumðtÞjH1pCFmðtÞ
7
2 and jrumðtÞj2L2pC þ C
Z t
0
FmðsÞ6 ds: ð40Þ
If we differentiate (34) with respect to time, take v ¼ umt ðtÞ and apply the same
methods as in the previous section, then we can also derive
j ﬃﬃﬃﬃﬃﬃrmp umt ðtÞj2L2 þ
Z t
0
jrumt ðsÞj2L2 dspC þ CCðr0; um0 Þ þ C
Z t
0
FmðsÞ11 ds: ð41Þ
Finally, taking v ¼ jAumðtÞj4AumðtÞ in (34), we obtain
jAumjL6pCðjrmumt jL6 þ jrmum  rumjL6 þ jrmf jL6 þ jrpmjL6Þ:
Hence using the fact jr2umjL6pCjAumjL6 together with the continuity equation, we
can derive the analogue of (30)
jpmðtÞjH1-W 1;6pC exp CCðr0; u0Þ þ C
Z t
0
FmðsÞ11 ds
 
: ð42Þ
Combining estimates (40)–(42), we obtain the desired one (37).
As a result of (37), we have
CmðtÞpCCðr0; um0 Þ þ C
Z t
0
expðCCmðsÞÞ ds; ð43Þ
where Cm ¼ logðFm=CÞ: Note that since Cðr0; u0Þ ¼ jgj2L2 and
jCðr0; um0 Þ  Cðr0; u0Þjp
C
d
jum0  u0jH2-0 as m-N;
there exists a large integer M ¼ MðdÞ40 such that Cðr0; um0 Þpjgj2L2 þ 1 for all
mXM: Hence using the integral inequality (43), we can easily show that there exists
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a small time TAð0; TÞ; independent of d and m; such that
sup
0ptpT
FmðtÞpC expðCCðr0; um0 ÞÞ for all mXM:
By virtue of this uniform bound together with (37), we can also derive the analogues
of (32) and (33) for each mXM:
sup
0ptpT
ðj ﬃﬃﬃﬃﬃﬃrmp umt jL2 þ jrumjH1 þ jumjL6 þ jpmjH1-W 1;6Þ
þ
Z T
0
jumj2W 2;6 þ jrumt j2L2 þ jumt j2L6 dtpC expðCCðr0; um0 ÞÞ: ð44Þ
Since Cðr0; um0 Þpjgj2L2 þ 1 for all mXM; we can deduce from (44) that the sequence
ðrm; umÞ converges, up to the extraction of subsequences, to some limit ðr; uÞ in the
obvious weak sense, that is,
rm,

r in LNð0; T; W 1;6Þ; um, u in LNð0; T; H10-H2Þ;
um,u in L2ð0; T; W 2;6Þ and umt ,ut in L2ð0; T; H10 Þ:
In view of standard arguments, we can easily show that the limit ðr; uÞ is a (in fact
unique) strong solution to (1)–(4) with the initial data ðr0; u0Þ and moreover it
satisﬁes the following inequalities
sup
0ptpT
ðj ﬃﬃﬃrp utjL2 þ jrujH1 þ jujL6 þ jpjH1-W 1;6Þ
þ
Z T
0
juj2W 2;6 þ jrutj2L2 þ jutj2L6 dtpC expðCCðr0; u0ÞÞ: ð45Þ
Now we are ready to prove the existence part of Theorem 1. Let r0; u0 and f be the
data satisfying the hypotheses of Theorem 1. For each dAð0; 1Þ; choose rd0AC1ð %OÞ
such that dprd0 and rd0-r0 in W 1;6; and let ud0AH10-H2 be the unique solution to
the boundary value problem
mDud0  ðlþ mÞr div ud0 ¼ ðrd0Þ
1
2g  arðrd0Þg in O:
Finally, we denote by ðrd; udÞ the unique local strong solution in ½0; T to the
problems (1)–(4) with the initial data replaced by ðrd0; ud0Þ; T40 is independent of d
thanks to the previous arguments.
Then since ud0-u0 in H
2 as d-0; Cðrd0; ud0Þ ¼ jgj2L2oN and ðrd; udÞ satisﬁes the
uniform bound (45), we conclude that a subsequence of approximate solutions
ðrd; udÞ converges to a strong solution ðr; uÞ to the original problem, which satisﬁes
bound (45) too. This completes the proof of Theorem 1 except the uniqueness
assertion.
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4. Proof of Theorem 2
To explain ideas more clearly, we will present a formal argument. Using the two
momentum equations
rut þ ru  ru  mDu  ðlþ mÞr div u þrp ¼ rf
and
%r %ut þ %r %u  r %u  mD %u  ðlþ mÞr div %u þr %p ¼ %rf ;
we ﬁrst obtain
rðu  %uÞt þ ru  rðu  %uÞ  mDðu  %uÞ  ðlþ mÞr div ðu  %uÞ
¼ ðr %rÞðf  %ut  %u  r %uÞ  rðu  %uÞ  r %u rðp  %pÞ
¼ ðr %rÞh  rðu  %uÞ  r %u rðp  %pÞ;
where h ¼ f  %ut  %u  r %uAL2ð0; T ; L6Þ: Then multiplying this identity by ðu  %uÞ
and integrating over O; we obtain
d
dt
Z
1
2
rju  %uj2 dx þ
Z
mjrðu  %uÞj2 þ ðlþ mÞj div ðu  %uÞj2 dx
p
Z
jr %rjjhjju  %u j þ rju  %uj2jr %uj þ ðp  %pÞ div ðu  %uÞ dx:
Applying Ho¨lder and Sobolev inequalities, we estimate
mjrðu  %uÞj2L2 þ
1
2
d
dt
j ﬃﬃﬃrp ðu  %uÞj2L2
pjr %rj
L
3
2
jhjL6 ju  %ujL6 þ jr %ujLN j
ﬃﬃﬃ
r
p ðu  %uÞj2L2 þ jp  %pjL2 jrðu  %uÞjL2
pm
2
jrðu  %uÞj2L2 þ Cjhj2L6 jr %rj2
L
3
2
þ jr %ujLN j
ﬃﬃﬃ
r
p ðu  %uÞj2L2 þ Cjp  %pj2L2
and thus obtain
mjrðu  %uÞj2L2 þ
d
dt
j ﬃﬃﬃrp ðu  %uÞj2L2
pAðtÞðj ﬃﬃﬃrp ðu  %uÞj2L2 þ jr %rj2
L
3
2
þ jp  %pj2L2Þ ð46Þ
for some nonnegative function AðtÞAL1ð0; TÞ:
On the other hand, using the identity
ðr %rÞt þrðr %rÞ  u þr %r  ðu  %uÞ þ ðr %rÞ div %u þ r divðu  %uÞ ¼ 0;
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we can deduce formally that
jr %rjð Þtþrðjr %rjÞ  ðu  %uÞ þ rðjr %rjÞ  %u
pjr %rjj %u  uj þ jr %rjj div %uj þ rj div ðu  %uÞj:
Multiplying this by jr %rj
1
2 and integrating over O; we obtain
d
dt
Z
jr %rj
3
2 dxpC
Z
ðjr %rj þ rÞjr %rj
1
2j div ðu  %uÞj
þ jr %rj
3
2j div %uj þ jr %rj
1
2jr %rjj %u  uj dx
pCðjr %rjL6 þ jrjL6 þ jr %rjL2Þjr %r j
1
2
L
3
2
jrðu  %uÞjL2
þ jr %ujLN jr %rj
3
2
L
3
2
and hence
d
dt
jr %rj2
L
3
2
¼ 4
3
jr %rj
1
2
L
3
2
d
dt
jr %rj
3
2
L
3
2
pCðjr %rj2L6 þ jrj2L6 þ jr %rj2L2Þjr %r j2
L
3
2
þ m
4
jrðu  %uÞj2L2 þ jr %ujLN jr %rj2
L
3
2
p m
4
jrðu  %uÞj2L2 þ BðtÞjr %rj2
L
3
2
ð47Þ
for some nonnegative BðtÞAL1ð0; TÞ:
Finally, using the identity
ðp  %pÞt þrðp  %pÞ  u þr %p  ðu  %uÞ þ gðp  %pÞ div %u þ gp divðu  %uÞ ¼ 0;
we can deduce in a similar way that
d
dt
Z
jp  %pj2 dxpCðjp  %pjLN þ jpjLN þ jr %pjL3Þjp  %pjL2 jrðu  %uÞjL2
þ Cjr %ujLN jp  %pj2L2
p m
4
jrðu  %uÞj2L2 þ CðtÞjp  %pj2L2 ð48Þ
for some nonnegative CðtÞAL1ð0; TÞ:
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Therefore, combining all estimates (46)–(48), we conclude that
m
2
jrðu  %uÞj2L2 þ
d
dt
ðj ﬃﬃﬃrp ðu  %uÞj2L2 þ jr %rj2
L
3
2
þ jp  %pj2L2Þ
pðAðtÞ þ BðtÞ þ CðtÞÞðj ﬃﬃﬃrp ðu  %uÞj2L2 þ jr %rj2
L
3
2
þ jp  %pj2L2Þ;
which completes the proof in view of Gronwall’s inequality.
Remark 2. The integral forms of the differential inequalities (46)–(48) can be proved
rigorously by using weak formulations and appropriate regularization. Please refer
to [2,13] for details.
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